subject to given conditions at the boundary. But the determination of the three functions u, v, w satisfying equations (1) and (2) and the conditions at the bounding surface is a matter of great difficulty and hitherto such functions have been discovered only in the case of a few boundaries. It frequently happens, as with the kindred problems in hydrodynamics and electrostatics, that a problem which cannot be solved in three dimensions readily admits of a two-dimensional solution. Though these two-dimensional analogues can only be imperfectly produced in nature, they are of great importance on account of the light they throw on the more general problems which cannot be solved completely. From this point of view, the solutions of equations (1) and (2) in two dimensions are interesting and instructive and have actually received the attention of a large number of investigators.
It was shown by Airy that in the case of plane strain, the stresses can be expressed in terms of a stress function x by the formulas d2x d2x d2x Consequently, equation (4) has received a considerable amount of attention from various mathematicians. The solutions in cartesian coordinates and their application to the problem of flexure of rectangular and cylindrical beams are well known. Those in polar coordinates have been given by Michell* and have been applied to plane bodies with concentric circular boundaries. Lately, a solution in bipolar coordinates has also been given f thus opening the way of the consideration of areas bounded by two non-concentric circles. In the present paper a solution in elliptic coordinates has been found and applied to two problems of plane strain. A single-valued solution is found suitable for the case of an elliptic cylindrical cavity in an infinite solid while another many-valued solution applicable to the state of strain in an elliptic cylindrical shell which has suffered dislocation due to a triangular axial fissure has also been found. Lovet has given an outline of a method of solving problems in plane strain in elliptic coordinates, but his method is only applicable to cases where the surface displacements are given. The method developed in this paper lends itself easily to the construction of the solution of the particular problem dealt with by Love, as will be shown in §5. Some other applications of elliptic coordinates are given by Kolosoff, § Pöschl,|| and Inglis.lf 2. Let us use the transformation given by (5) x + iy = c cosh (a + iß), so that (6) x = c cosh a cos ß, y = c sinh a sin ß, 
The curves a = constant and ß = constant are confocal ellipses and hyperbolas respectively. The curve a = 0 is the portion of the x-axis between the foci, while on the right-hand side of the z-axis between the focus and infinity, ß = 0, and on the left-hand side between the other focus and infinity, ß = ir. On the positive side of the y-axis ß = it/2 and on the negative side /3 = 3tt/2.
We have therefore a set of coordinates suitable for the treatment of twodimensional problems in which the region concerned is bounded by confocal ellipses and hyperbolas.
The stress components are given by equation (3). Transforming into curvilinear coordinates (a, ß), the stress system can be written as
In the present case we have
The displacements are given by* * Jeffery, Ioc. cit.
where P satisfies the equations (10) Vi2F = 0 and
The stress function noted above satisfies equation (4). 3. Let us now proceed with the solution of equation (4). Writing it in the form we notice that
is a plane harmonic function. We now take the following form for the harmonic:
(12) + 2 J2(C" cosh na + Dn sinh na) sin nß .
n=l J Hence d2X d2x 
4(m + 1)
It is evident that the terms cosh a cos ß and sinh a sin ß in x' represent a displacement that is possible in a rigid body.
Hence omitting the rigid body displacement terms and also the terms which ultimately make the stresses many-valued, we can write 
>¡/2 = Co + c2 cosh 4a + d2 sinh 4a + c2' cosh 2a + di sinh 2a, \pn = Cn-t cosh in -2)a + dn-t sinh (» -2)a + c" cosh (» + 2)a + dn sinh (» + 2)a + c"' cosh «a + dñ sinh wa.
4. Even when x is known the displacements u and v can only be obtained by first determining P which satisfies equations (10) and (11). Now, instead of finding P directly, it will be convenient to calculate 1 dP 1 dP -andh2 da h2 dß subject to the conditions (10) and (11).
It will subsequently be shown that the terms a(cosh 2a + cos 2/3), a cosh a cos ß and a sinh a sin ß
give rise to many-valued displacements, so that omitting them from x and taking into account the fact that P is a harmonic function we can write Here the general plane harmonic function P has been differentiated with respect to a and ß and multiplied by i/h2. Now substituting in (11) 
2j«c2 2pCi
thus showing that the displacement is one possible in a rigid body. So we can omit Ao, B' and C. There still remain terms in x, e.g. those involving a', c' and A which are not represented in the differential coefficients il/h2)idP/da) and il/h2)CdP/dß). It is necessary to consider them separately. For the term a cosh a cos ß in x, let us assume 1 dP -= A'iß sinh a cos ß -a cosh a sin ß), h2 da (20) 1 dP -= A'iß cosh a sin ß + a sinh a cos ß). h2 dß It can easily be shown that these satisfy Vi2P = 0 and that
A' can thus be determined. Similarly for the other term a sinh a sin ß, we can take 1 dP -= B' (a sinh a cos ß + ß cosh a sin ß), h2 da (21) 1 dP ---= B' (a cosh a sin ß -ß sinh a cos ß). h2 dß
For the term a (cosh 2a+cos 2/3), we take 1 dP -= c'iß sinh 2a -a sin 2/3), h2 da (22) 1 dP -= c'iß sin 2ß + a sinh 2a).
W dß
They satisfy equation (10) [January Here we have omitted the first term in x given in (15) while calculating the stresses.
5. We shall now consider some applications of the above solutions. (a). Let an infinite solid with an elliptic cylindrical hollow be subjected to a pressure Pi on the inner elliptic boundary.* Assume in this case If the boundaries a = ai and o;=a2 be subjected to pressures Pi and P2 respectively, we easily find by calculating the stresses and taking into account the boundary conditions the values
where M = (a2 -ai) -tanh (a2 -ai).
Moreover, we have in this case 1 dP 2(X + 2p) h2 da X + p 1 dP 2(X + 2p) This result we can interpret as a dislocation* due to an axial wedgeshaped fissure bounded by the planes Hence the assumption made in (29) solves the problem of dislocation for a wedge-shaped fissure in a body bounded by two confocal elliptic cylinders.
(c). As a third application let us consider the problem dealt with by Love.* Let an infinite solid be bounded internally by an elliptic boundary of semiaxes a and b and let the inner boundary be turned through an angle <p.
Let a=ai be the inner boundary. Then the displacement at any point on the boundary is r<p, perpendicular to the radius vector drawn from the center of the elliptic section to the point, where r = distance of the point from the center. This displacement has a component -c<p sinh a sin ß parallel to Ox and c<p cosh a cos ß parallel to Oy. If u, v be the displacements along and perpendicular to the normal to a = constant we have when a=ai From the boundary conditions (37) and from the condition that u and v vanish at infinity we find * Theory of Elasticity (3d edition), p. 275.
